An analytical method is presented for studying the influence of fiber migration on the mechanical properties of a yarn with two-level helical structures. The theory of ideal migration is applied to the seven-ply yarn, which results in the exchange of the interior structure of the yarn. A bottom-up method for analyzing the internal forces and stresses of the yarn under axial tension and torsion is developed. The influence of fiber migration is demonstrated by making contrast between the mechanical responses of carbon nanotube yarns with and without fiber migration. The numerical results show that there is a periodical non-monotonic variation in both the internal forces and the stresses with the length of yarn. A stress concentration is revealed around the half-cycle migration point and the one-cycle migration point. It is shown that the chirality, initial helix angle, and the fiber migration pattern can be used to control the mechanical performance of yarns.
Introduction
A fiber yarn (or a fiber rope) is a complex geometrical structure assembled by a number of individual fibers. The construction of the yarn makes it flexible and strong as such it is an ideal structure for various applications, for example, textiles 1 and artificial muscles. 2 There have been many theoretical models on describing the mechanical behaviors of yarns or ropes, most of which are mainly based on the classic theory of elasticity and the ideal geometry of concentric helices.
1,3,4
Backer 5 analyzed an idealized bent yarn geometry, and the filaments of the yarn in a pristine state were assumed to possess helical shapes. Tao 6 formulated a mathematical model to describe the bending behavior of the multi-ply yarns based on the assumption that each of the filaments in the ply is shaped into a doublewound helix. In engineering application, most of wire ropes are made into a hierarchical helical structure by making several strands helically winding around a center straight strand, in which each of the strands is constructed from wire helixes twisted around a center straight wire. Costello 7 studied the static responses of a multi-wire strand and extended the results to a wire rope. Based on his work, one can perform the mechanical analysis of a rope without considering the complicated geometrical relations in the hierarchical helix. The geometric model of a yarn can be a multilayer single-straight strand, 3, [8] [9] [10] [11] [12] in which all spun fibers are configured as single helix. A yarn can also consist of a number of strands wound around the cord axis, 4, [13] [14] [15] [16] [17] [18] [19] [20] which is referred to as the multi-ply yarn. 21 In this case, the center fiber of a wound strand follows a single-helix path, while other fibers in the wound ply have a double-helix path, that is, a helix wound about a helical axis. To date, much of attention has been paid to the mechanical properties of yarns with a single, straight strand. 3, 7 In 2004, Elata et al. 4 first took a full account for the double-helix configuration for modeling the mechanical response of a rope subjected to axial load and torsional moment. The authors adopted two kinematic assumptions-the locked ropelevel sieves and the unlocked rope-level sieves. The former assumption leads to a variable axial strain along each double-helix wire, while the latter assumption results in a uniform axial strain along the centerline of each wire. Recently, Zhao et al. 16 provided a bottomup analysis for the mechanical performance of carbon nanotube ropes with hierarchical helical structure. With the analytical model, they obtained the analytical solutions for the mechanical response of the multi-level helical ropes subjected to uniaxial tension, torsion, and bending loads. This method has also been extended by Yang and Li 22 to model the actuation response of polymeric artificial muscles. For studying the mechanical behaviors of a wire rope with 737 double-helix configuration under axial tensile force and torque, Xiang et al. 17 proposed a new rope model based on the frictionless assumption and Love's thin rod theory. Later on, Meng et al. 18 presented a semi-analytical method to study the influence of interwire contact on the mechanical behavior of single-helix wire rope under axial tension and torsion. They also used the conjugate gradient method and the fast Fourier transform to calculate the contact deformation, the contact pressure, and the stress of each wire produced by the interwire contact. On the basis of the semi-analytical method, a full contact analysis of wire rope under various loads was performed by Chen et al. 19, 20 Also, Wei et al. 23 presented a Monte Carlo model for forecasting the mechanical behavior of a fiber yarn that involves statistical variation in fiber strength. With this model, the effects of stochastic fiber breakage and interface sliding on the mechanical characteristics of the fiber are simulated.
All above models are based on the ideal geometry of helices that are cylindrical and parallel to the axis of a yarn or a rope. However, fibers in spun yarns do not always follow the perfect coaxial helix. 6, [24] [25] [26] [27] [28] [29] Fiber migration, that is, the position variation of fiber within the yarn, is necessary in the spun yarn for providing cohesion between fibers. 26 The mechanism for the migration of fiber in the yarn is simple. With the fiber path varying from the center to the outside of the twisted yarn, the length of the fiber will increase, so also must the tensile force of the fiber. Therefore, the fibers under lower tension are expected to be displaced by other fibers, resulting in the interchange of the fiber position, i.e., fiber migration. 26, 29, 30 Morton and Yen 31 first introduced the tracer fiber technique to study the migration behavior. By tracing the position of a fiber in the yarn, one can see that the fiber in the yarn is actually helical, and the radius of the helix is recurrently increasing and decreasing along the fiber path. On the basis of the observation, the authors proposed a graphical way to express the migration performance. Hearle and Merchant 29 researched the physical property of the fiber migration in a seven-ply yarn based on the assumption that migration occurs when the central ply becomes slack. Morton  30 and Hearle and Goswami   32 proposed a mechanism which would lead to a more or less regular migration based on tension variation in the fiber of the yarn. The low-tension fibers can be expected to be displaced by other fibers, leading to a cyclic interchange of position. Treloar and Riding 33 used the strain energy approach to interpret the tensile properties of twisted filament yarn in terms of the geometrical structure and the properties of constituent filaments. ElShiekh and Backer 27 modified an analysis of migration in a seven-ply structure, and the frequency of migration was predicted in the model. Hearle and Goswami 34 performed an experimental study on a three-layer structure of 19 filaments under ribbon-twisted and cylindricaltwisted forms. Ishtiaque et al. 35 studied the migration characteristics of friction spun yarns in detail. Necka´rˇa et al. 36 developed a modified migration model to explain the fiber radial migration phenomenon in actual yarns which is in accordance with the phenomena observed in experiments. Fiber migration in yarns plays an important role in controlling the mechanical properties of yarns. However, there is no study available on the influence of fiber migration on the mechanical response of yarns with hierarchical helical structures.
In this article, a bottom-up method is developed to analyze the effect of fiber migration on the mechanical characteristics of a seven-ply yarn with a hierarchical helical structure. In section ''Geometrical description,'' the geometrical description of a seven-ply yarn with a hierarchical helical structure is concisely given. The theory of ideal migration proposed by Hearle et al. 26 is briefly introduced and applied to the seven-ply yarn. In section ''Static response of a ply consisting of helical fibers,'' we derive the relations between the internal forces and deformations of fibers in the helical ply under various loads. In section ''Static response of a seven-ply yarn,'' the relations between the internal forces and deformations are extended to a double-level seven-ply yarn. In section ''Results and discussions,'' the mechanical responses of a 7 3 7 fiber yarn in cases with and without fiber migration are compared. Finally, the conclusions are given in section ''Conclusion.''
Geometrical description

Helical structure
Following Zhao et al., 16 we introduce the parameters The first-level spiral structure of a yarn is a concise geometric helix. In order to describe the geometric configuration of the yarn, a Cartesian coordinate system fx, y, zg is introduced, as illustrated in Figure 1 (a). Let fi, j, kg be the corresponding unit basis vectors, and the z-axis is the yarn axis. So, the first-level helical curve can be described by
where H y is the helical pitch, r y the helical radius, a the angle of the helix, and S the arc length of the first-level helix. The relation between S and a is dS da = 1 2p
At an arbitrary point S of the helix, the tangent, normal, and binormal unit vectors of the curve compose a Frenet-Serret local right-handed axes fT, N, Bg. The Frenet-Serret formulas are
All these unit vectors change as a function of S or a. According to the Frenet-Serret frame, the Darboux vector 37 can be written as
where k and t denote the curvature and torsion of the curve, respectively. In order to obtain a hierarchical helical curve, we make the vector v F moving along a helical curve and keep the direction of v F coinciding with the tangential direction of the curve. Therefore, a double-helix curve can be formulated as
where r p is the radius of the second-level helix, b the helix angle of the second-level helix, which is a function of a. One can use a or b to describe the hierarchical helix. And s denotes the arc length along the second-level helix curve, also a function of S (or a).
Here, we focus on the mechanical behavior of a yarn with the double-helix configuration, that is, a typical 737 yarn, as shown in Figure 1 (b) and (c). The centerline of the fiber j in the ply i is derived from equation (7) . The curve for the central fiber of the core strand (ply) can be expressed as
The curve for the other fibers in the core ply can be written by
The curve for the single-helix fiber in wound ply is
The function for the double-helix fibers in wound ply is 
Theory of fiber migration
The ideal migration pattern proposed by Hearle et al. 26 is briefly introduced here. For simplicity, we assume that the fiber migration only occurs in the second-level helical structure, that is, the seven-ply structure model. A cyclic interchange of fiber position between core fiber (Fiber 1) and one of outer-layer fibers (Fiber 2) is considered, as shown in Figure 2 .
For the seven-ply yarn, r p and g are denoted as the radius and the helix angle at the surface of the yarn, respectively. At an intermediate position, the helix angle is u at the distant r m from the axis of yarn. From the starting point, the length along the ''Fiber 1'' is q, while the length along the yarn is
where H p = 2pr= tan u f is the helical pitch. The helical curve of ''Fiber 1'' in the yarn can be described by
In an ideal migration pattern, 26 r 2 m is assumed to be varied linearly with q. For ''Fiber 1,'' the ideal migration equation is
where Z is the length of a migration cycle along the yarn. For convenience, we use the subscript 'i' along certain equation number refer to the ith expression in the equation throughout the text. Substituting equation (12) into equation (14) 1 yields
where
The increments of r m and b are related by following equations
where g is a function of b.Similarly, substituting equation (12) into equation (14) 2 , we obtain a relation for the second-half period
where 
From equation (7), the double-helix curve for the ''Fiber 1'' can be formulated as
Note that the arc length s can be regarded as a function of S (or a). Therefore, the relation between the increments of s and S is
The centerline of the ''Fiber 1'' in ply 1 can be written as
The centerline of the ''Fiber 1'' in other plies, that is, i = 2, :::, 7, is given by
Next, we focus on the migration of ''Fiber 2.'' The change in radial position of ''Fiber 2'' along the yarn can be described by
The helix of ''Fiber 2'' in the yarn is
Substituting equation (12) into equation (25) 
Substituting equation (12) into equation (25) 2 , we have
For ''Fiber 2,'' a double helix can be expressed as
The relation between the increments of s and S for the ''Fiber 2'' is the same as equation (22) . The centerline of the ''Fiber 2'' in the ply i is
From equation (11), the centerline of the fiber j without migration in the ply i is derived as
Now, we consider the forming process of the yarn with hierarchical helical structure. First, a segment of fiber ds is wound into a ply of segment dS, and then, this ply segment is wound into a yarn segment. Correspondingly, there is an increment db of the winding angle b in the former process and an increment da in the later process. Let u f be the fiber helix angle, the angle between the axis of ply and the tangent of fiber, and u p be the ply helix angle, measured from the axis of yarn to the tangent of ply. According to Figure 1(b) , we can obtain the following relations
where r is the radius of the second-level helix, and r = r m for the ''Fiber 1'' and ''Fiber 2,'' and r = r p for the other fibers. The parameters u f and u p are crucial for analyzing the mechanical properties of yarns. If the function b(a) is known, we can easily calculate u f from equations (2) and (38) . The yarn studied here is uniform and has a regular hierarchical helical structure, so the winding angle b can be assumed to be proportional to a, that is, db/da = constant. If the length along the yarn h is given, we have a = 2ph=H y . Therefore, the value of b can be calculated. In this case, both u f and u p are constant, we can derive u p = arctan (2pr y =H y ).
Static response of a ply consisting of helical fibers
Equations of equilibrium
Following Velinsky 38 and Costello, 7 for the below analysis, we take the following assumptions: (1) all fibers in the yarn have a uniform circular cross section and an infinite length; (2) friction between the fibers is ignored; (3) for external load, the bending moments per unit length of individual fibers are not considered; (4) the tension, curvatures, and twist have great uniformity along the fiber length.
Consider an infinitesimal segment of a fiber subjected to the most general case of loading, as illustrated in Figure 3 . Let s be the arc length along the fiber. n, b, and t represent the normal, binormal, and tangential directions of arbitrary point on the centerline, respectively. And N and N 0 are the shear forces on the cross section of the fiber in n and b directions, respectively; T is the tension force in t direction; G, G 0 , and H denote three internal moments in n, b, and t directions, respectively; X, Y, and Z are the external line loads per unit length of the centerline of the fiber in n, b, and t directions, respectively; K, K 0 , and Y are the external moments per unit length of the fiber in directions along n, b, and t, respectively. According to Costello, 7 the differential equations of equilibrium for the thin fiber loaded in Figure 3 are
where t, k N , and k B denote the components of the Darboux vector in t, n, and b directions, respectively.
In what follows we will analyze the responses of a yarn under axial tension, torsion, and bending loads.
Axial response and torsional response
The subscript ''0'' is used to denote the parameters in the initial (un-deformed) state. The variations of curvatures and twist of the fiber are given by
Neglecting the influence of the change of u f , we express the ply radius as
where n is Poisson's ratio, e f is the tensile strain of the fiber. The relations between the changes of curvature and twist per unit length and the three internal moments are
where E is Young's modulus. Based on the linear elasticity hypothesis, the tension T can be calculated as
where r f is the radius of the fiber. The relation between r f and e f is
Considering the uniform deformation of a straight ply along its centerline under axial tension and torsion, 16 we obtain that both u f and e f keep constant and are affected by the arc length S. Therefore, the values of all internal forces and moments in the fiber do not change with S, that is
Substituting equations (48), (50) 2 , and (53) into equations (41)-(46) yields
Thus, if u f and e f are known, the internal forces of fibers can be determined from relations (50), (51), (55), and (56).
Following Zhao et al., 16 we show how to solve u f and e f . When the straight ply composed of helical fibers is subjected to the axial load, it usually undergoes elongation and rotation simultaneously, as shown in Figure 4 (a). We can derive the twist angle per unit length of the ply, t p , and the maximal torsional strain of the ply, b p . They are
where l p0 is the length of the ply along its centerline in the unloaded state, u f0 and u f represent the winding angles of a fiber under the unloaded and loaded states, respectively. From Figure 4 (b), the axial tensile strain e p and the torsional strain b p of the ply are calculated in terms of e f and u f Figure 3 . Forces and moments acting on a thin fiber.
Since the parameters e p and b p can be measured in practical problems, they are regarded to be given parameters. Now we try to solve e f and u f from equations (58) and (59). Combining equations (47) and (57)-(59), one may note that u f = 0 if b p + tan u f0 = 0. Otherwise, we have
where A P = r 0 + r f0 n csc (p=6), B P = À r 0 (1 + e p )= (b p + tan u f0 ), and C P = r f0 n(1 + e f ) cos u f0 csc (p=6). Then, from equation (60) 2 , one can solve u f as
We take the solution in the domain u f 2 (0, p=2) for simplicity. With the method herein, if the tensile strain e p and the torsional strain b p are provided, all internal loads in the fiber can be determined. In the case with migration, the curvatures k N , k B and twist t of the fibers will vary with the change of yarn structure. However, the method for calculating the internal forces of fibers is the same.
Bending
We now focus on the mechanical performance of the ply of seven fibers under pure bending, as shown in Figure 5 . A Cartesian coordinate system fx, y, zg is introduced here, where fi, j, kg are the standard basis vectors, respectively. The ply is under pure bending in the (x, y) plane. The ply is considered to be deformed into a circular arc of radius r, which can be written as
where S is the arc length of the deformed ply centerline, r is the curvature radius which is calculated by
The tangential, normal, and binormal unit vectors of the circular curve are expressed as Letting the Darboux vector v F move along the arc, with the direction of v F coinciding with the direction T(S), we obtain a helical curve wound about the circular arc.
Bending of fiber without migration
The centerline of ''Fiber 1'' in the bent ply i(i = 2, 3, :::, 7) is described as
The centerline of fiber j(j = 2, 3, :::, 7) can be expressed as
Both angles a and b can be used to characterize the deformation of the helical curve. As shown in Figure 5 , let us consider the following decomposition. A segment of fiber of length ds is wound as a straight ply segment AC, of which the helix angle is u f ; in turn, this ply segment AC is bent into segment AB, which is a circular arc with a radius of r and an argument da. According to the geometry of the deformed fiber, we have the following relations db da = l and l = r r tan u f ð68Þ
For an infinitesimal fiber segment, the bending moment M is calculated by
where k represents the local curvature of the fiber, and I f the moment of inertia of the cross section. Considering the relative positions of the fibers in the ply, we note that k is a function of the angles a or b. Thus, the z-component of the bending moment in the fiber j is
where k j and b j are the curvature and the binormal unit vectors of fiber j, respectively. For a helical fiber, we have the following relation
where t j and n j are the unit vectors of the fiber in the tangential and normal directions, respectively. From equation (65), we obtain the bending moment of ''Fiber 1'' in ply
Similarly, from equation (66), the t j and k j n j of fiber j(j = 2, 3, :::, 7) are derived by
By equation (71), we then have
Obviously, for the fiber j(j = 1, 2, :::, 7) in the straight core ply 1, the bending moment M Zj = 0.
Bending of fibers with migration
With consideration of fiber migration, the centerline of ''Fiber 1'' and ''Fiber 2'' in the bent ply i(i = 2, 3, :::, 7) can be described by
The relation between s and S is
The centerline of fiber j(j = 3, 4, :::, 7) can be also described by equation (66). The relation between s and S is the same as equation (67). From equation (76), for ''Fiber 1'' and ''Fiber 2,'' t j and k j n j (j = 1, 2) are derived by
and
where (71), one then has
Similarly, for the fiber j(j = 3, 4, :::, 7), we calculate k j b j Á k by equation (75). For fiber j(j = 1, 2, :::, 7) in the straight core ply 1, the bending moment M Zj = 0. For a fiber with a radius r f , the cross-sectional moment of inertia is
Static response of a seven-ply yarn
Tension and torsion
In the first-level helix, the yarn consists of seven plies in which six plies wind around a straight core ply. When the yarn is subjected to axial tension and torsion, each helical ply remains a helical morphology. One can solve e p and u p for the second-level structure with the method introduced in section ''Static response of a ply consisting of helical fibers.'' Let u p0 and u p be the winding angles of a ply at the unloaded and loaded states, respectively. Let t y denote the twist angle per unit length and b y the maximal torsional strain of the yarn. And t y and b y are given by
where l y0 and r y0 are the axial length and the radius of the yarn in the initial state, respectively. As loading, the yarn radius changes to
From equation (58), the axial tensile strain e y and the torsional strain b y of the yarn can be expressed as
Here, the values of e y and b y are assumed to be known, while e p and u p can be calculated from equations (84) and (85). From equations (82)- (85), we find that u p = 0 when b y + tan u p0 = 0; otherwise, we have
where A Y = r y0 + r p0 n csc (p=6), B Y = À r y0 (1 + e y )= ½b y + tan u p0 , and C Y = r p0 n(1 + e y ) cos u p0 csc (p=6). Thus, the explicit solution of u p is derived from equation (86) 2 , that is
where u p 2 (0, p=2) is assumed. For a given value of u p , the twist angle per unit length of the ply is given by
Then, b p is determined from equations (57) and (88). If the values of e p and b p are provided, one can readily derive e f and u f from equations (60) and (61).
Substituting e f and u f into equations (47) and (48), we can determine the Darboux vector of the fiber. Finally, the internal forces of the fiber can be derived from equations (50), (51), (55), and (56). Zhao et al. 16 provided a method for calculating the internal forces in the ply by projecting the internal forces along the ply centerline. We extend the method for the seven-ply yarn here. The total axial force and the total torque of the ply i can be expressed by
The bending moment in the ply i is
The curvature radius r of the ply i can be written as r = r y sin 2 u p Similar to equation (56), the internal force along the binormal direction of the ply i is 
Stress analysis
When the axial tension and torsion are applied to a ply, the internal forces acting on the fibers can be calculated from equations (50), (51), (55), and (56). The normal stresses of an individual fiber are primarily from the axial force T and the bending moment G 0 , and the shear stresses are mostly attributed to the torque H. For a fiber j in the ply i, we denote the internal forces as T ij , G 0 ij , and H ij . The maximum stresses in the fiber are given by
Similar to equation (91), the maximum normal stress of a fiber ascribed to the bending of ply is
The normal stress s T is uniform over the cross section of the fiber. The internal moment G 0 is along the binormal direction of the fiber (see Figure 3) , and M Ply B is along the binormal direction of the ply (see Figure 5) . The maximal normal stress s Yarn and the maximal shear stress t Yarn in a fiber can be determined by
Results and discussions
In this section, a seven-ply yarn with a two-level helical structure is considered. The fibers in the yarn are assumed to be single-walled carbon nanotubes. Following the study of Lu, 39 we take the following parameters: the initial radius r f0 = 0:35 nm, the Young's modulus E = 970 GPa, and the Poisson's ratio n = 0:28. The initial radius of the ply, r p0 , and the yarn, r y0 , are approximately expressed as 7 r p0 = r f0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
Both the identical handedness d = 1 and the opposite handedness d = À 1 are accounted for here. For simplicity, we hypothesize the length of a migration cycle Z to be equal to the helical pitch H p .
Internal forces
For the yarn under uniaxial tension, we take the torsional strain b y = 0 and the axial strain e y = 0:1. The length of yarn h is increased from zero to a given value so that the trend of the mechanical responses of the yarn in a migration cycle can be seen. In the elastic regime, if there is no fiber migration within the yarn, both the total tensile force F y t and the total torque M y t of the yarn keep constant with increasing the value of of h. The total tensile force and torque in the yarn can be normalized as
From equations (93) and (94), the variation of the total tensile force and the total torque of the yarn with increasing the value of h can be obtained, as shown in Figure 6 . Here, the initial helix angle of plies is assumed to be the same as that of fibers, and four representative values of angle are taken, that is, u p0 = u f0 = 08, 108, 208, 308. From Figure 6 , one can see that during a migration cycle, there is a jump in the tensile force F during the firsthalf migration cycle is higher than that during the second-half migration cycle. Interestingly, for the case of u p0 = u f0 = 308, besides the big jump around the half-cycle point, there is a small jump during the following-up migration cycle. The small jump is related to the hierarchical structure of the yarn. For a specified value of h, the length of the straight core ply is shorter than other helical plies. It means that when the migration of the straight core ply occurs around at half cycle, the migration of other plies has already happened in the following-up migration cycle.
From equation (100), the trends of the normalized internal force as a function of the length of yarn h can be obtained, as shown in Figure 7 . One can see that during one migration cycle, there is a jump of the normalized internal forces around the half-cycle point. From Figure 7 (a), we find that the normalized tensile force F
Yarn T
51 for the first-half migration cycle. It means that the fiber migration within the yarn leads to a larger total tensile force for the first-half migration cycle than that for the second-half cycle. This conclusion also holds for the case of d = À 1 (not shown here). However, the normalized torque M Yarn T is close to 1 during the first-half migration cycle. It implies that there is an insignificant influence of fiber migration on the torque of yarn. For the second-half cycle, the value of torque of yarn with fiber migration is smaller than that without migration, as shown in Figure 7(b) . There is also a jump of torque around the range of the half cycle for the case of d = 1 (not shown here).
It should be mentioned that the jump in the mechanical responses, for example, the tensile force and the torque, of the yarn (Figures 6 and 7) is due to the fiber migration in the yarn. If there is no fiber migration, the tensile force and the torque along the length of yarn would be smooth and constant. 16, 40 However, the trend of the tensile force and the torque with the initial helical angle of fiber here is similar to that given by Zhao et al. 16, 40 For the case without fiber migration, the trends of the total internal force F 
Stress analysis
For showing the effect of fiber migration on the mechanical properties of yarn, both cases with and without fiber migration are taken into account in the following stress analysis.
From equation (97), we can obtain the maximum normal stress s
Yarn of the yarn with the tensile strain e y , as shown in Figure 9 . For both cases of d = 1 and d = À 1, the normal stress s Yarn increases linearly with e y . But, for the case of d = À 1, the value of s Yarn is insensitive to the initial helix angle u p0 = u f0 , as shown in Figure 9(b) .
Trends of the maximum normal stresses s Yarn and shear stress t Yarn in a yarn as a function of h are shown in Figures 10 and 11 . Here, we take e y = 10%. We find that the maximum normal stresses of the yarn for the case with fiber migration occur at around the half-cycle point and the one-cycle point. For the case of u p0 = u f0 = 308, besides the big jump around the halfcycle point, there is another jump in both s Yarn and t Yarn during the following-up cycle. As indicated in section ''Internal forces,'' it is because that when the migration of the core straight ply occurs around at half cycle, the migration of other plies has already happened in the follow-up migration cycle.
From Figure 10 (a) and (b), one can see that there is a trivial change in the maximum normal stress s Yarn during the first-half migration cycle, but s Yarn increases at first and then decreases during the second-half cycle. In contrast, for the case without migration, the value of s Yarn remains constant when h is below a certain value. If h exceeds a certain value, there is a non-monotonic increase in s
Yarn with increasing h, as shown in Figure 10 (c) and (d). It is mainly because that the bending moment of the ply is determined by the spatial geometrical relation between each fiber. The value of s Yarn for the case with fiber migration is generally larger than that for the case without fiber migration.
From Figure 11 , one can see that the variation of the maximum shear stress t Yarn of the yarn with fiber migration is non-monotonic with h. As indicated in Table 1 , for the case without fiber migration, the value of t
Yarn remains unchanged for a certain helix angle. However, at a given helix angle, the value of t Yarn is a little bit larger for d = 1 than for d = À 1. Figure 11(a) shows the variation of t Yarn with h for d = 1. One can see that during the first-half migration cycle, the maximum shear stress t Yarn decreases at first, then increases. While during the second-half cycle, except the case of u p0 = u f0 = 108, t Yarn decreases monotonically. The trend of t Yarn with h for d = À 1 is shown in Figure 11(b) . Different from the case of d = 1, the stress t
Yarn here decreases monotonically with h during the first-half migration cycle. During the second-half cycle, for cases of u p0 = u f0 = 208 and u p0 = u f0 = 308, t
Yarn decreases at first then increases. But for the case of u p0 = u f0 = 108, t Rope decreases monotonically. Generally, at a specified value of h, the more is the initial helix angle, the larger is the maximum shear stress.
According to equations (95) and (96), trends of the maximum normal stresses s Yarn , s T , s G 0 , and s MPB against h are obtained (see Figure 12) . Here, we take e r = 10% and u p0 = u f0 = 308. Obviously, the normal stresses have a jump at around the half-cycle point and the one-cycle point. During the following-up migration cycle, except the normal stress s T , there is another small stress concentration besides the stress concentration around half-cycle point and the one-cycle point. The reason for the stress concentration has been indicated in previous section. Generally, both the normal stresses s T and s G 0 are insensitive to h, as shown in Figure 12 .
The maximum normal stress s MPB has a similar variation trend with the maximum normal stress s Yarn for both cases with and without fiber migration. It should be emphasized that for a specified value of h, the maximum normal stresses s Yarn and s T , s G 0 , s MPB are not in the same fiber. For example, for the case d = 1, u p0 = u f0 = 308, and h = 0:5, the maximum normal stress s Yarn in the yarn is 101.68 GPa, but s T , s G 0 , and s MPB in some fiber are 91.57, 15.43, and 15.25 GPa, 
Conclusion
In summary, an analytical method for studying the influence of fiber migration on the mechanical properties of yarns with hierarchical helical structures has been presented. As an example, a seven-ply yarn with a two-level helical structure is considered in this article. When an ideal fiber migration is introduced into the 7 3 7 yarn, both the internal forces and the stresses in yarn do not keep constants with the value of h. There is a periodical non-monotonic variation in both the internal forces and the stresses with the length of yarn. A force or torque jump is also found around the half-cycle migration point and the one-cycle migration point. If the direction of the fiber migration is changed, there is an obvious stress concentration. It is shown that the chirality, initial helix angles of the plies and fibers, and the fiber migration pattern can be used to control the mechanical response of a yarn with fiber migration. The theoretical model presented in this work can help design and optimize a general class of helical structures, which has a promise in analyzing and predicting the unique mechanical behavior of high-performance thread materials and devices, for example, the artificial muscles and actuators, 2,41 the buzzer prototype, 42 and the pump drill. 43 Finally, it is noteworthy that the deformation of real hierarchical helical structures is usually complicated, and there are many factors that may influence their mechanical responses. Some limitations of the model have to be mentioned. First, the present model is based on the hypothesis of linear elasticity, which cannot be applied to the elastic-plastic analysis of yarns. Second, the effects of the interfacial contact and friction in the deformation of a yarn are ignored. Third, the migration pattern used here is too ideal to describe the real case. All these limitations deserve further study in future work.
Declaration of conflicting interests
The author(s) declared no potential conflicts of interest with respect to the research, authorship, and/or publication of this article.
Funding
The author(s) disclosed receipt of the following financial support for the research, authorship, and/or 
ORCID iD
Dabiao Liu, http://orcid.org/0000-0002-6453-5659
